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Abstract
We study the reflection coefficient associated with a wave that scatters off
various black holes in general relativity. We show that for large energies, com-
pared to the scale set by the curvature, the reflection coefficient is suppressed
exponentially with the energy. We find that the exponent is fixed by the sin-
gularity of the black hole to be 12(β + βin) where β is the inverse Hawking
temperature and βin is the inverse temperature associated with the inner hori-
zon. We also study the reflection coefficient associated with extremal D3-branes
in string theory. In that case, the exponent is determined by a fictitious sin-
gularity located in the complexified space-time. Generalizations to M2-branes
and M5-branes are also discussed. We argue that 12β is a general bound on the
exponent.
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1 Introduction
The similarities between black hole (BH) physics and thermodynamics leads to several
interesting exponential behaviors. The most known is the thermodynamical nature of
Hawking radiation [1].
Another exponent is the Lyapunov exponent that is related to the rate by which
perturbations initially grow. Only fairly recently [2–4] it was realized that on the
BH side the Lyapunov exponent is determined by the shock wave interaction at the
horizon that, to a large extent, is controlled by the exponential redshift e−2pit/β, where
β is the inverse Hawking temperature.
The eventual decay of the perturbation to a thermal state is also described by ex-
ponents that on the BH side are fixed by the quasinormal modes. For a Schwarzschild
black hole the two exponents are of the same order, despite the fact that they are
related to different regions in space-time. The shock wave interaction is related to
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the BH horizon and the quasinormal modes are associated with the entire region
surrounding the BH.
The goal of the present paper is to present novel exponents associated with BHs
and to pinpoint the regions in space-time that fix them. We show that the reflection
coefficient associated with a wave that scatters off the BH exhibits a exponent
R ∝ e−CE, (1.1)
where E is the energy of the wave that is taken to be large. Note that, unlike in the
case of quasinormal modes (see e.g. [5]), we consider a real (and positive) E.
We show that
C =
1
2
(β + βin), (1.2)
where βin is the inverse temperature associated with the inner horizon. We work in
conventions such that βin is negative.
The reflection coefficient is determined by solving the wave equation outside the
BH. Hence, one would expect C, much like the QNM, to be related to the region
outside the BH. Surprisingly we find that it is fixed by the singularity. Causality
implies that the region behind the horizon cannot affect the reflected wave. Still, as
we show below, at high energies it is the singularity that determines the reflection
coefficient in a rather interesting way.
Scattering from BHs has been studied quite extensively in the past. Phase shifts
and cross sections of fields of various spin (0, 1/2, 1, 2) scattering from various types
BHs (Schwarzschild, Reissner-Nordstro¨m, Kerr) were computed (See [6] for references
up to 1988. More recent work include [7–16]). Scattering from D-branes has also
been studied (see, e.g., [17–24]), mostly since they were identified with SUGRA’s p-
branes [25,26]. In the present work, we study scattering of a massless scalar field from
both BHs and branes. We emphasize the role of the singularity in determining the
large energy reflection coefficient.
The paper is organized in the following way. In the next section we show that, at
high energies, the reflection coefficient is fixed by the singularity for a general spher-
ically symmetric BH. In section 3, we apply this for the Schwarzschild and Reissner-
Nordstro¨m BHs at d ≥ 4 dimensions. In section 4, we demonstrate how our approach
can extended to the D3 brane, as well as for the M2 & M5 branes. In section 5
we argue that the exponent is bounded from above by β/2. Section 6 is devoted to
discussion.
3
2 Generalities
In this section we study general properties of the reflection coefficient associated with
probing the BH with a wave. We focus on the properties of the reflection coefficient
at high energies compared to the energy scale set by the BH curvature, 1/M , in the
Schwarzschild case.
In standard situations the reflection coefficient at high energies is sensitive to the
shape of the target at short distances. It is natural to expect that this is not the case
when probing a BH at high energies. The BH singularity is shielded by the horizon.
Causality, therefore, implies that the reflected wave cannot be sensitive to the BH
singularity. The goal of this section is to show that this expectation is wrong and that
there is a simple relationship between the BH singularity and the reflection coefficient
at high energies.
We start by illustrating how this surprising result comes about in a general spher-
ical symmetric background in any dimension. Then, we demonstrate it in details for
the 4D Schwarzschild black hole.
2.1 Scalar Fields in a Black Hole Background
We consider a classical massless scalar field propagating in a d-dimensional background
with metric gµν . We focus on static spherically symmetric black holes. For this type
of backgrounds the metric takes the following form
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2d−2. (2.1)
The zeros of f(r) are the locations of the horizons and we also assume asymptotic
flatness, i.e. f(∞)→ 1.
Our goal is to compute the reflection coefficient for a process in which a wave arrives
from infinity and is scattered from the black hole. The field obeys the Klein-Gordon
equation,
φ = 1√−g∂µ(
√−ggµν∂ν)φ = 0. (2.2)
Instead of working with r as the radial direction it is convenient to switch to the
tortoise coordinate, defined by,
x(r) =
∫
dr
f(r)
, (2.3)
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for which the (outermost) horizon is mapped1 to x → −∞ and infinity (r → ∞) is
mapped to x→∞.
After separation of variables, φ(t, x,Ω) = r−
d−2
2 (x)Y`m(Ω)e
−iωtψω`(x), the Klein-
Gordon equation (2.2) takes the form of a Schro¨dinger-like equation for x,
−∂2xψω` + V (r(x))ψω` = ω2ψω`. (2.4)
The potential is the Regge-Wheeler potential [27] that reads,
V (r) = f(r)
(
` (`+ d− 3)
r2
+
(d− 2) (d− 4)
4r2
+
(d− 2) f ′(r)
2r
)
. (2.5)
Eq. (2.4) suggests that the relation between V (x) and the reflection coefficient,
R(ω), is the standard one from quantum mechanics. In particular, since V (x) vanishes
both at the horizon (x = −∞) and at infinity, at high energies we can use the Born
approximation
R(p) =
1
2ip
∫ ∞
−∞
e−2ipxV (r(x))dx, (2.6)
where p is the momentum which is equal to the energy ω since we are considering
a massless field. This expression supports the expectation mentioned above that the
reflection coefficient is not sensitive to the BH singularity: the range of the integral
corresponds to the region outside the BH as dictated by causality.
There is, however, a hidden symmetry in this scattering problem which will allow
us to relate the reflection coefficient to the singularity. It can be seen from the Kruskal
coordinates, defined by
U = −e 2piβ (x−t), V = e 2piβ (x+t). (2.7)
As is well known, in these coordinates spacetime is extended to additional regions.
As an example, the different regions of the Schwarzschild black hole are depicted in
figure 2.1.
The definition of the Kruskal coordinates, (2.7), implies that U and V are invariant
under shift in the imaginary direction
t→ t+ iβ
2
(n+m), x→ x+ iβ
2
(n−m), where n,m ∈ Z. (2.8)
1The horizon is mapped to x→ −∞ whenever near the horizon r0, we have f(r) ∼ (r− r0)a with
a ≥ 2. We assume this to be true.
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Figure 2.1: Penrose diagram of the Schwarzschild BH showing the different regions.
Moving between region amounts to shifting x by an imaginary constant.
In particular, keeping t intact while shifting x → x ± iβ keeps us at the same point,
say, in region I. Keeping t intact while shifting x → x ± iβ/2 takes a point in region
I to its mirror point in region III. Since the potential in region III is identical to the
potential in region I, we conclude that
V (x) = V (x± iβ/2) . (2.9)
To take advantage of this symmetry we evaluate the integral (2.6) in the complex
plane. We chose a rectangular contour, as plotted in figure 2.2. The two vertical lines
do not contribute since the potential vanishes at x = ±∞. The contribution from the
the two horizontal lines differ only by a factor of e−βp, due to the symmetry (2.9).
Using the residue theorem we get,
R(p)
(
1− e−βp) = −pi
p
∑
Res
(
V (x)e−2ipx
)
+ b.c., (2.10)
where the sum is over all the poles within the rectangle. ‘b.c.’ stands for any contri-
bution that may come from branch cuts. In the next subsection, we show that these
contributions are always sub-leading at high energies.
In the high energy limit, βp  1, we can ignore the factor of e−βp on the LHS of
(2.10) . Also, since there is an exponential suppression as we go down the imaginary
6
x-β/2
0
Figure 2.2: The contour used to calculate the reflection coefficient in the Born approx-
imation. It goes clockwise around the strip |Rex| ≤ ∞, −β/2 ≤ Imx ≤ 0. Blue dots
represent possible locations of poles of V (x). The large contour (black) is equivalent
to the sum of the small contours (blue) encircling the poles.
axis, only the poles closest to the real line will contribute. We end up with,
R(p) = −pi
p
∑
closest
poles
Res
(
V (x)e−2ipx
)
+ b.c. (2.11)
This can be simplified even further. In appendix A we show that, to leading order,
the potential always behave as V ∼ −λ(x− x0)−2 near a singularity (pole) located at
x0. Therefore, we finally have,
R(p) = −2pii
∑
i∈ closestpoles
λie
−2ipxi + b.c., (2.12)
where {xi} are the locations of the singularities. Eq. (2.12) shows quite nicely how, in
contrary to what one might expect, the reflection coefficient at high energy depends
only the behavior near the singularity. Technically speaking, this is the result of the
symmetry (2.9) which allowed us to encircle the singularity in the complex plane. This
can be viewed as a loophole in the argument that causality should prevent us from
probing the singularity.
2.2 4D Schwarzschild Black Hole and Branch Cuts
In this subsection we show how (2.12) applies for the case of a Schwarzschild BH in
4 dimensions. We also use this case to demonstrate that contributions from branch
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cuts are always sub-leading at high energies.
The metric of the Schwarzschild black hole in four dimensions is
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 , with f(r) = 1− 1
r
. (2.13)
Here, for simplicity, we have set 2M = 1. In these units the horizon is at r = 1 and
the inverse temperature is β = 8piM = 4pi. The tortoise coordinate is,
x =
∫
f(r)−1dr = r + log(r − 1). (2.14)
Focusing on the ` = 0 case, the potential (2.5) reads,
V (r) =
(
1− 1
r
)
r−3. (2.15)
This potential has a pole only at the singularity (r = 0). If we define z(r) ≡ x(r) −
x0, where x0 = −ipi is the location of the singularity in the x-plane, then near the
singularity the potential behaves as,
V ∼ −1
4
z−2. (2.16)
Plugging this into (2.12), we obtain (after restoring the units),
R(p) ∼ e− 12βp = e−4piMp. (2.17)
Finally, we wish to briefly discuss the issue of branch points. In the Schwarzschild
BH (and in most other cases as well) the singularity is also a branch point of the
potential. Including the sub-leading term as well, the potential near the singularity
reads,
V (z) ∼ −1
4
z−2 − i
6
√
2
z−3/2 +
1
18
z−1 +
√
2i
27
z−1/2. (2.18)
Therefore, the contour we have to take is not the one shown in figure 2.2 but rather
the one in figure 2.3, where we have chosen a branch cut that extends to infinity.
Compared to figure 2.2, the new addition to the contour is the ‘keyhole’ contour.
Since V (x) goes to zero at infinity, in order to evaluate the keyhole integral in the
high energy limit, we only have to consider singular terms in the potential. Each
8
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Figure 2.3: The x-plane contour for the integral around the Schwarzschild singularity.
A branch cut extends from the singularity to infinity and the contour is deformed
accordingly.
singular term of the form, z−q, contributes,∫
keyhole
e−2ipxz−qdx = c(q) pq−1e−2ipx0 , with, c(q) =
∫
keyhole
e−2iww−qdw, (2.19)
so we only need to consider the most singular one which, as stated above, is always
z−2. Therefore, at leading order we may ignore any contributions that come from
branch cuts and use only the first term in (2.12) to compute the reflection coefficient.
3 Spherically Symmetric Black Holes
In this section we use the method presented in the previous section to compute the high
energy reflection coefficient for spherically symmetric BHs in any dimension d ≥ 4.
The d = 4 Schwarzschild case was already discussed in the previous section. We start
by generalizing this result to d > 4 and then turn to the electrically charged Reissner-
Nordstro¨m BH in d = 4 and its analogue in d > 4. We show that in all cases the
reflection coefficient is
R ∼ e− 12 (β+βin) p, (3.1)
where βin is an inverse temperature associated with the inner horizon. In particular,
(3.1) is true for the Schwarzschild BH where there is no inner horizon (i.e. βin → 0)
and also for extremal BHs where both inverse temperatures diverge but their sum
remains finite.
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3.1 d > 4 Schwarzschild Black Hole
The first case we consider is a Schwarzschild black hole in d > 4 dimensions. We will
show that at high energies, the reflection coefficient behaves the same way as in the
4-dimensional case (2.17).
The Schwarzschild solution in d > 4 is in the form (2.1) with [28]
f(r) = 1− 2µ
rd−3
, with µ =
8piM
(d− 2)Ad−2 , (3.2)
where Ad−2 is the area of a unit (d − 2)-sphere. The horizon is at (2µ)1/(d−3), but in
fact there are other, complex, solutions to f(r) = 0 giving us a total of d−3 “horizons”
at,
rj = (2µ)
1/(d−3) exp
(
2piij
d− 3
)
, (3.3)
where r0 is the only physical one. To each such horizon we can associate an inverse
temperature,
βj =
4pi
f ′(rj)
=
4pi
d− 3(2µ)
1/(d−3) exp
(
2piij
d− 3
)
, (3.4)
and the Hawking temperature is the one associated with the physical horizon, β = β0.
In terms of the β’s the tortoise coordinate has the following simple form,
x(r) = r +
d−4∑
j=0
βj
4pi
log (r − rj) . (3.5)
As we saw in the previous section, in order to compute the reflection coefficient
at high energies we only need the behavior of the potential (2.5) near the singularity.
Similarly to the 4-dimensional case, in the x-plane, the singularity is mapped to
x0 = −iβ
4
+ CR, (3.6)
where CR is some real constant. Near the singularity the potential behaves as V (x) ∼
−1
4
(x− x0)−2 and therefore, according to (2.12), we again have2,
R(p) ∼ e− 12βp. (3.7)
To conclude, we see that even though the complex structure is different than the
4-dimensional case, we still end up with the same reflection coefficient. That said, the
2We comment that the real constant in (3.6) adds a factor of exp (−2iCR p) to R(p). However,
this has no physical significance since it can always be eliminated by a constant shift to x.
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result still depends on the dimension through β.
3.2 d = 4 Reissner-Nordstro¨m Black Hole
Next, we look at the electrically charged Reissner-Nordstro¨m (RN) BH. The metric is
spherically symmetric and in the form (2.1) with
f(r) = 1− 2M
r
+
Q2
r2
. (3.8)
There are two solutions to f(r) = 0, giving two horizons,
r± = M ±
√
M2 −Q2, (3.9)
and we consider only the sub-extremal case, Q < M . As before, with each horizon we
associate an inverse temperature,
β± =
4pi
f ′(r±)
= ± 4pir±
r+ − r− , (3.10)
where the Hawking temperature is the one associated with the outer horizon, β = β+.
We work with the convention that β− is negative since this reflects the fact that at
the inner horizon outgoing null trajectories converge rather than diverge.
The maximally extended manifold can be defined similarly to the Schwarzschild
case but requires two sets of Kruskal coordinates,
U± = −e 2piβ± (x−t) and V ± = e 2piβ± (x+t), (3.11)
where the tortoise coordinate is
x(r) = r +
β+
4pi
log
(
r
r+
− 1
)
+
β−
4pi
log
(
r
r−
− 1
)
(3.12)
The Penrose diagram of the extended manifold is shown in figure 3.1. The outer
horizon corresponds to U+V + = 0 and inner horizon to U−V − = 0. To go from region
I to region II, one takes x→ x± iβ
4
and t→ t∓ iβ
4
. Getting from region II to region
V, is achieved by taking x→ x± iβ−
4
, t→ t± iβ−
4
. The singularity is, then, mapped
to
x±,n = i
(
β+ ± β−
4
+
β+
2
n
)
; n ∈ Z. (3.13)
where we have explicitly written the infinitely many copies due to the periodicity
11
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Figure 3.1: Penrose diagram of the RN Black Hole showing the different regions.
Going between regions involves shifting the tortoise coordinate by an imaginary con-
stant.
x→ x+ iβ/2.
We will now compute the reflection coefficient in this background. The potential
V is obtained by plugging (3.8) into (2.5). Near the singularities it behaves as,
V (x) ∼ −2
9
(x− x±)−2, (3.14)
where we have omitted sub-leading terms that give rise to branch cuts. The contour we
take to compute R is plotted in figure 3.2. We see that both the singularities, x±, lie
within the strip3 −β/2 < Im (x) < 0. Yet, as discussed in section 3, the contribution
from x−, as well as the contributions from the branch cuts, are sub-leading. Thus, by
using (2.12), we get,
R(p) ∼ e− 12 (β++β−)p. (3.15)
It is interesting that the exponent depends on a property of the inner horizon. A
similar feature was observed in [29]. There it was shown that the area of the inner
horizon, in certain cases, is related to dual quantities that can be defined outside the
BH.
Note that, since β+ + β− = 8piM , there is no dependence on Q and we retain the
result of the Schwarzschild BH (2.17). This is not the case for d > 4, as we shall now
3Note that β− < 0 and that |β−| < |β+|
12
C γ
 
I
I'
C γ
 
1 1
2
2
β++β–
4-i
β+–β–
4-i
x
β
2-i
Figure 3.2: Contour used to compute R(p) in the RN case. At high energy, the contri-
bution from the branch cuts (jagged lines) is sub-leading leaving only the contribution
from the poles at −i(β+ ± β−)/4.
see.
3.3 d > 4 Reissner-Nordstro¨m Black Hole
In this final subsection we consider the most general spherically symmetric BH in
d > 4 dimensions which is the analogue of the RN BH in higher dimensions. The
metric is, again, in the form (2.1) with [28]
f(r) = 1− 2µ
rd−3
+
q2
r2(d−3)
, (3.16)
where µ is given in (3.2) and q is related to the charge by,
q2 =
2
(d− 2)(d− 3)Q
2. (3.17)
Here too, we consider only the sub-extremal case, q2 < µ2.
Similarly to the d > 4 Schwarzschild BH, there are multiple horizons located at,
r±,n = e
2piin
d−3 r±, with r± =
(
µ±
√
µ2 − q2
) 1
d−3
. (3.18)
Only the two n = 0 horizons are physical and are the analogues of the inner and outer
13
horizons of the d = 4 RN BH. Consequently, the maximally extended manifold also
has the same global structure as in the d = 4 case.
As we have done before, we associate a temperature with each horizon,
β±,n = β± exp
(
2piin
d− 3
)
, with β± = ± 4pi
d− 3
rd−2±
rd−3+ − rd−3−
(3.19)
and the Hawking temperature is that of the outer horizon, β = β+. As we have done
in the previous cases, we write the tortoise coordinate in terms of the β’s,
x(r) = r +
∑
=±
d−4∑
j=0
β,j
4pi
log (r − r,j) . (3.20)
The singularity is then mapped again to two points (plus copies due to the shift
symmetry) in the x-plane,
x± = i
(β+ ± β−)
4
+ CR, (3.21)
where CR is some real constant.
We see that the complex structure in the x-plane is identical to that of the 4-
dimensional case. Therefore, to compute the reflection coefficient, we take the same
contour used there (figure 3.2) and the leading contribution will again come from the
upper pole. Near the singularity, the potential (2.5) has, again, an inverse-square
behavior,
V (x) ∼ −(d− 2)(3d− 8)
4(2d− 5)2 (x− x±)
−2, (3.22)
so we use (2.12) to obtain,
R(p) ∼ e− 12 (β++β−)p. (3.23)
This result looks identical to 4-dimensional one (3.15) though it’s quite different. In 4
dimensions the exponent does not depend on the charge since we had, β++β− = 8piM .
This is no longer the case when d > 4. Now we have,
β+ + β− =
4pi
d− 3
(
rd−2+ − rd−2−
)(
rd−3+ − rd−3−
) , (3.24)
and according to (3.18) this will be a function of q for any d > 4.
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3.3.1 The Extremal Limit
We conclude this section with a short comment on the extremal limit, q → µ. In
this limit, the inner and outer horizons coincide and the temperature goes to zero
(β →∞). However, (3.23) is still valid since the sum of the two inverse temperatures
is finite even though each of them diverges,
β+ + β− → 4pi d− 2
(d− 3)2 µ
1
d−3 . (3.25)
This result can be verified directly as we now explain. In the extremal limit, the
tortoise coordinate takes a slightly different form,
x(r) = r − µ r
(d− 3) (rd−3 − µ) +
d−4∑
j=0
β˜j
4pi
log (r − rj) , (3.26)
where rj = e
2piij
d−3 µ
1
d−3 are the horizons in the extremal case and
β˜j = 4pi
d− 2
(d− 3)2 µ
1
d−3 e
2piij
d−3 , (3.27)
are effective temperatures we associate with each horizon. The location of the sin-
gularity in the x-plane is determined by the effective temperature of the physical
horizon,
Im (x0) = −i β˜0
4
, (3.28)
hence, according to (2.12) we have,
R(p) ∼ e− 12 β˜0 p. (3.29)
Finally, comparing (3.25) and (3.27), we see that we indeed have β+ + β− → β˜0.
4 Brane Solutions
In this section we show that the method used in previous sections to calculate the
high energy reflection can be applied to extended brane solutions as well.
Branes are quite different from the previously discussed cases. First, they are not
spherically symmetric. Yet, there is a rotational symmetry in the directions transverse
to the brane. The radial part of the Klein-Gordon equation can again be reduced to
a Schro¨dinger-like equation where ω on the RHS of (2.4) is replaced with p⊥ (the
15
momentum transverse to the brane).
More importantly, we consider only non-black (extremal) branes that have no
singularities. Still, as we show below, our approach is applicable since there are
singularities in the complex x-plane.
4.1 D3 Branes
The first case we discuss is that of a stack of N coincident D3 branes. This background
is given by [25],
ds2 = H−1/2(r)(−dt2 + d~y 2) +H1/2(r) (dr2 + r2dΩ25) , (4.1)
where ~y ∈ R3 are the coordinates along the brane. The harmonic function is,
H(r) = 1 +
L4
r4
, with L4 = 4pigsNα
′2. (4.2)
In this background there is a horizon at r = 0 and no singularities. However, in the
complex r-plane there are n ‘fictitious’ singularities which are the roots of H(r),
rm = L exp
(
(2m+ 1)pii
4
)
, m = 0, . . . , 3. (4.3)
These fictitious singularities are a result of gluing the asymptotic region into AdS5×S5.
The celebrated low energy scattering on D3-branes [20–22] is not sensitive to these
singularities, but they dominate the high energy scattering.
To see this, we compute the reflection coefficient following the same steps taken in
previous sections. We start by switching to the tortoise coordinate, given here by,
x(r) =
∫
H1/2(r) dr = r 2F1
(
−1
2
,−1
4
;
3
4
;−L
4
r4
)
. (4.4)
Just as we had for BHs, in terms of the tortoise coordinate the horizon (r = 0)
is mapped to x → −∞ and r → ∞ is mapped to x → ∞. In the x-plane, the
singularities are located at,
xm = ζ4rm, (4.5)
16
where we have defined,4
ζ4 ≡ 2F1
(
−1
2
,−1
4
;
3
4
; 1
)
=
2
√
pi Γ
(
3
4
)
Γ
(
1
4
) . (4.6)
According to (4.5) it appears as though there are 4 singularities in the x-plane, but
that is misleading. The map r 7→ x (4.4) is not one-to-one and, in fact, it covers the
entire x-plane multiple times. The branch we are interested in is the one that comes
from a patch of the r-plane that contains the positive semi real axis (the physical
region). This patch, shown in figure 4.1, contains only 2 singular points.
xr
α
α
π
n
π
n-
L π
n
π
n-
nLζ
Figure 4.1: This plot shows how a patch in the r-plane (left) is mapped to the entire
x-plane (right) for D-branes and M-branes. We have n = 4 for D3 branes, n = 6 for
M2 and n = 3 for M5. Also shown is the contour (in both x and r planes) on which
the Born integral is evaluated.
Next, we perform separation of variables to the Klein-Gordon equation to get,
φ(t, x, ~y,Ω) = r−5/2(x)H−1/4(r(x))e−i(ωt−~py ·~y)Y`m(Ω)ψ(x), (4.7)
where, as before, ψ(x) obeys a Schro¨dinger-like equation,
− ∂2xψ + V (r(x))ψ = p2⊥ψ, with p2⊥ = ω2 − ~p 2y , (4.8)
4This choice of notation is made clear in the following subsection.
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the momentum in the directions transverse to the brane. The potential, in terms of
r, reads,
V (r) =
5r2 (3r4 + L4) (r4 + 3L4)
4 (r4 + L4)3
+
`(`+ 4)r2
r4 + L4
, (4.9)
and near the singularities it behaves as,
V (x) ∼ − 5
36
(x− xm)−2. (4.10)
To compute the reflection coefficient we evaluate the Born integral (2.6) by closing
the contour in the lower half plane5, as shown in figure 4.1. In the lower half-plane
there is a single pole, x3 = ζ4L exp
(
7
4
pii
)
, and thus according to (2.12) we get,
R(p⊥) ∼ e−
√
2ζ4Lp⊥ , (4.11)
where we have omitted an unphysical phase, linear in p⊥.
4.2 M2 & M5 Branes
The next case we discuss is that of extremal M2 and M5 branes of 11-dimensional
M-theory. This case is very similar to that of the D3 brane, as we shall now see.
The metric of the M2 brane is [30],
ds2M2 = H(r)
− 2
3 (−dt2 + d~y 2) +H(r) 13 (dr2 + r2dΩ27) , (4.12)
with,
H(r) = 1 +
L6
r6
, L6 = 25pi2N`6p, (4.13)
and that of the M5 branes is [31],
ds2M5 = H(r)
− 1
3 (−dt2 + d~y 2) +H(r) 23 (dr2 + r2dΩ24) , (4.14)
with,
H(r) = 1 +
L3
r3
, L3 = piN`3p, (4.15)
where `p is the 11-dimensional Planck length.
5We note that as we had for BHs, the singularity is also a branch a point as could be seen
by taking higher order terms in (4.10). Therefore, a branch cut is introduced and the contour is
deformed accordingly. However, as discussed in previous sections, the contribution from the branch
cut is sub-leading so we ignore it.
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These are non-singular backgrounds, yet, as it happens for the D3 brane, the
complex roots of H(r) are singularities in the complex r-plane. The roots are given
by,
rm = L exp
(
(2m+ 1)pii
n
)
, m = 0, . . . , n− 1, (4.16)
where n = 6 for M2 and n = 3 for M5.
To proceed, we need the tortoise coordinate. We notice that the t, r components
of the metric are not in the form (2.1), but rather in the form ds2 = −a(r)dt2 +
b(r)−1dr2 +. . . . In these cases, the tortoise coordinate is given by x =
∫
(a(r)b(r))−1/2 dr.
Therefore, for M-branes, we get an expression similar to (4.4),
x(r) =
∫
H1/2(r) dr = r 2F1
(
−1
2
,− 1
n
; 1− 1
n
;−L
n
rn
)
. (4.17)
The singularities, rm, are then mapped to
xm = ζnrm, (4.18)
with,
ζn ≡ 2F1
(
−1
2
,− 1
n
; 1− 1
n
; 1
)
=
√
piΓ
(
n−1
n
)
2Γ
(
3
2
− 1
n
) . (4.19)
From here everything follows through exactly as it did for the D3 brane. The
Klein-Gordon equation is reduced to a Schro¨dinger equation with a potential that
behaves as (4.10) near the singularities. Only one of which contributes to the Born
integral. We end up with the following expressions
R
M2
(p⊥) ∼ e−Lζ6 p⊥ and RM5(p⊥) ∼ e−
√
3Lζ3 p⊥ (4.20)
for the reflection coefficients at high energies.
5 A Bound on R
In the previous sections we have shown that at high energies the reflection coefficient
for BHs and branes is exponentially small, R ∼ e−CE. In this section we show that
the exponent, C, satisfies a bound,
C ≤ β
2
. (5.1)
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For all cases presented here this bound is satisfied: For extremal branes and BHs this
is trivially true, as β → ∞. For (non-extremal) BHs, we had C = 1
2
(β + βin) where
βin ≤ 0 and the Schwarzschild BH saturates the bound as βin → 0. Moreover, it
was shown in [32, 33] that the SL(2,R)/U(1) BH satisfies the bound, also when α′
corrections are included.
Let us now show a general argument for this bound. We consider systems that
fall into the class described in section 2. That is, configurations whose Klein-Gordon
equation can be reduced to a Schro¨dinger-like equation with a potential that satisfies
the following properties:
1. It vanishes at x→ ±∞.
2. It has a shift symmetry (2.9).
3. It admits an inverse square behavior near the poles (see appendix A).
As we have seen, the reflection coefficient for potentials with these properties is given
by (2.12). Therefore, a bound on C is a bound on the position of the poles in the
imaginary axis. Clearly, periodicity bounds the position of the poles by −iβ/2 from
below, giving C ≤ β. Yet, it is restricted even further by the following argument.
On the real axis the potential is real valued as it is a real function of the metric (and
other fields such as the dilaton when present). We may therefore apply the Schwarz
reflection principle which states that in a connected domain, symmetric about the real
axis and contains at least part of it, a function has the property,
V (x¯) = V (x), (5.2)
if it is holomorphic6 in the domain and real on the real axis. Combining (5.2) together
with the shift symmetry (2.9), we find that V (x) has a reflection symmetry also across
the line Im (x) = −iβ/4, i.e.,
V
(
x− iβ
4
)
= V
(
x¯− iβ
4
)
. (5.3)
This means that every pole in the strip −β/2 < Im (x) < 0 has a ‘mirror’ pole across
the center of the strip (this is depicted in figure 2.2). Thus, the farthest a pole can be
from the real line is −iβ/4 where it coincides with its mirror image, giving the desired
bound on C (5.1).
6The potentials we are considering are clearly not holomorphic in the entire complex plane. They
have singularities and branch cuts. We take a domain from which we cut out these non-holomorphic
features. It is quite plausible that we can always chose branch cuts such that the remaining domain
is connected.
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X0
L
L
Figure 5.1: Scattering on the cigar: A wave with radial momentum, p, and angular
momentum, L, is incident from infinity and reflected. An additional time direction X0
was added to impose an on-shell condition. We note that at each point on the cigar
there is a (d− 2)-sphere (for a d-dimensional BH) that does not appear in the plot.
An interesting fact about the bound is that it depends only on the temperature.
This may hint that the bound is not unique to gravity but in fact is more general.
Perhaps this should not come as a surprise since it is merely the statement that BHs
are nature’s best absorbers.
We end by pointing out a simple relation between the bound and scattering in the
Euclidean setup. Consider a scattering process in the cigar geometry. A wave in the
cigar in characterized by its quantum numbers at infinity: The radial momentum, p
and the angular momentum, L, associated with rotations around the axis of the cigar.
To be on-shell we must add a time direction, X0. So the setup is the one described
in figure 5.1. In the eikonal limit, p→∞, the scattering reduces to the trivial phase
shift associated with the approximated R2 at the tip of the cigar,
R ∼ (−)L, (5.4)
which upon Wick rotation, L→ −i β
2pi
E, saturates the bound.
Note that L and therefore also E need not be large. In the Euclidean scattering the
energy in the external time direction, X0, is taken to be large (to satisfy the on-shell
condition). After Wick rotation this means a tachyon field with m2 → −∞. So from
the BH point of view this is a highly non physical process. Still it is amusing that it
saturates the bound for any E.
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6 Discussion
In this paper we illustrated that the reflection coefficient associated with scattering
from a BH exhibits an exponential suppression at large energies. We calculated the
exponents in several cases.
To a large extent, the exponent is determined by the singularity. Quantum gravity
corrections are expected to play an important role at the BH singularity. It is inter-
esting that data that is accessible to an external observer is, in principle, sensitive to
these effects. A concrete example of that are the perturbative and non-perturbative
α′ corrections that where considered in [32,34].
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A Behaviour of the Potential Near a Singularity
In this appendix we show that, in almost all cases, the potential near a singularity
admits an inverse square law behavior. We consider a metric that is singular at some
point r = r0 and we also allow for a background dilaton field. We write the metric
and dilaton near the singularity, to leading order in  = r − r0,
ds2 ≈ −αtadt2 + αrbd2 + . . . ,
√−ge−2Φ ≈ γq, (A.1)
where the dots represent other coordinates (angular or otherwise) which are of no
importance for our purposes. The tortoise coordinate near the singularity is then
given by,
x ≈
∫ √
αrb
αta
d = x0 +
√
αr
αt
2
b− a+ 2
b−a+2
2 , (A.2)
where x0 ≡ x(r0) is the location of the singularity in the x-plane. For consistency, we
must assume7 that b− a > −2, so that the second term in (A.2) vanishes as → 0.
7By making this assumption we exclude cases where the singularity occurs at infinite values of x.
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In this approximation, the Klein-Gordon equation becomes,
− ∂2xφ−
a+ b− 2q
(a− b− 2)
1
x− x0∂xφ = ω
2φ, (A.3)
which is brought to a Schro¨dinger form by setting, φ(x) = (x − x0)
a+b−2q
4−2a+2b ψ(x). The
potential turns out to be,
V (x) ∼
(
(b− q + 1)2
(b− a+ 2)2 −
1
4
)
(x− x0)−2. (A.4)
Note that (A.4) is completely independent of the expansion coefficients: αt, αr, γ –
the powers alone (a, b, q) determine the dominant part of the potential. Nevertheless,
there could be cases where the coefficient in (A.4) vanishes and the leading behavior is
obtained by taking higher order terms in the expansion. This happens when, a+2q =
3b+ 4 or a+ b = 2q (and b− q+ 1 6= 0). This may indicate that r0 is in fact a regular
point or a horizon, since the potential has to be regular there. Yet, it may also happen
for a singular point. We did not encounter such a case.
We conclude with a remark that inverse square law potentials, V (x) = gx−2, were
studied in the context of conformal quantum mechanics (see [35,36]). For this type of
potentials, unitarity restricts the coefficient to be g ≥ −1/4. We see that (A.4) fulfills
this requirement with the marginal value of −1/4 obtained for q = b+ 1.
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